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Abstract 

^ | We present the complete set of N = 1, D = 4 quantum algebras associated 

to massive superparticles. We obtain the explicit solution of these algebras real- 
ized in terms of unconstrained operators acting on the Hilbert space of superfields. 
Q_i| These solutions are expressed using the chiral, anti-chiral and tensorial projectors 

which define the three irreducible representations of the supersymmetry on the 
superfields. In each case the space-time variables are non-commuting and their 
commutators are proportional to the internal angular momentum of the represen- 
tation. The quantum algebra associated to the chiral or the anti-chiral projector is 
the one obtained by the quantization of the Casalbuoni-Brink-Schwarz (superspin 
0) massive superparticle. We present a new superparticle action for the (super- 
spin 1/2) case and show that their wave functions are the ones associated to the 
irreducible tensor multiplet. 
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1 Introduction and summary 



The superparticles, the point-like objects which move in the Salam and Strathdee su- 
perspace were first described by Casalbuoni |3J almost 30 years ago, and by Brink 
and Schwarz pjj soon afterwards. They have internal angular momentum and built in 
super symmetry. As a simple model of a classical particle with internal angular momen- 
tum they bear some resemblance with the relativistic top studied by Hanson and Regge 
[3], but they also have novel interesting features of it own. The real interest in these 
models arose with the advent of the superstring action [3] and the understanding of the 
structure of the constraints that appear in the canonical analysis. Siegel |J| showed that 
the massless superparticle possess an extra local fermionic symmetry now called kappa 
symmetry which is also present in the massive case when central charges are included 
[7] . This symmetry develop later in a guiding principle that was used to select valid La- 
grangeans for supersymmetric systems. The superstring and the supermembrane actions 
were discovered imposing this symmetry. Also it was discovered that by imposing the 
kappa symmetry to the action of a supermembrane in a background field one obtains the 
whole set of eleven dimensional supergravity equations for the component fields. 

But the virtues of supersymmetry and kappa symmetry are accompanied with prob- 
lems. The canonical analysis of the massless superparticle shows that the set of first 
class constraints that generate kappa symmetry were tied to a set of second class con- 
straints. With time it became evident that it was not possible to split this constraints 
in a covariant and irreducible way. Over the years many ways to deal with the prob- 
lem of covariant quantization of the superparticle and superstring were proposed with 
different grades of success. Many of these methods needed to include a infinite tower 
of ghosts and the meaning of the resulting BRST operator became unclear to say the 
least. Some other approaches were linked to the harmonic superspace, where the set of 
infinite fields are codified in an organized way [B]. Infinite fields appeared also in the 
formulations using twistor variables where as an additional complication several different 
versions of what a twistor should be have been proposed. Very interesting geometrical 
ideas related to twistor theory were inherent in the work of doubly supersymmetric par- 
ticles and strings for which Siegel symmetry has been understood as a diffeomorphism 
of the superworld-line. Nevertheles, although, extensions for D=10 using Lorentz har- 
monics f9,, superembeddings techniques [TU] and more recently pure spinors [TT] have 
been proposed, the goal of constructing off-shell D=10 Super Yang Mills has not been 
achieved. 

A related but quite different class of systems is that of massive superparticles. When 
central charges are absent they do not posses kappa symmetry and first and second class 
constraints are not mixed. The solution of the superparticle algebra of the observables 
of the theory has not been discussed in the literature. In this paper we solve this 
problem for D = 4 and N — 1 massive superparticles. We obtain the explicit solution of 
these algebras realized in terms of unconstrained operators acting on the Hilbert space 
of superfields. These solutions are expressed using the chiral, anti-chiral and tensorial 
projectors which define the three irreducible representations of the supersymmetry on 
the superfields. 

This paper is organized as follows. In section 2 we discuss the classical dynamics 
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of the massive superparticle which is subject to second class constraints. We present 
the algebra obtained using Dirac procedure. The resulting algebra of brackets |2j is not 
straightforward to implement quantum mechanically because the space time variables 
turns out to be non-commutative, [x M ,a;^] 7^ 0. This problem may be circumvented 
by finding a reduced set of coordinates that satisfy canonical commutation relations 
which, not surprisingly, result to be the chiral coordinates as suggested by Casalbuoni 
0. In section 3 we construct the quantum algebra of the superparticle with operators 
acting on the Hilbert space of states corresponding to the irreducible representations of 
the supersymmetry. This is done with the aid of the projectors (chiral, anti-chiral and 
tensorial) to the three subspaces of the space of superfields which allow an irreducible 
representation of the supersymmetry algebra (associated respectively to the chiral, anti- 
chiral and irreducible tensor multiplets) . We then obtain three well defined covariant 
operatorial solutions for the superparticle algebra, two with superspin associated to 
the chiral or to the anti-chiral massive superparticle and one with super spin 1/2 with 
should be associated to a different super particle. In each case we obtain the explicit 
operatorial expression for the internal angular momentum. The chiral and anti-chiral 
massive superparticles are described by the standard massive superparticle action, while 
the super spin 1/2 superparticle is described by a different action. In section 4 we present 
and analyze the action corresponding to the super spin 1/2 superparticle. We show that 
the wave functions of this new superparticle are superfields projected by the tensorial 
projector which reduce them to the degrees of freedom of the irreducible tensor multiplet 
(of super spin 1/2). In section 5 we discuss the applicability of our results in a more 
general setup. Finally in section 6 we present our conclusion and outlook. 



2 Classical mechanics in the superspace 

Let us consider the standard massive superparticle in D = 4. The metric signature 
is f]^ u = diag{ — 1, +1, +1, +1} and the superspace coordinates are (x tl ,9 a \9 a i ), where 
a = 1,2 is a spinor index and i = 1,...,N is the number of supersymmetric charges. 
Naturally (6 ai )* = 9 a i . We choose Dirac matrices to be off-diagonal and given by, 



o» 




with cr M ^ the Pauli matrices. The action principle for the superparticle is given by |2] 



S 



^Jdr (e-Vw'V - em 2 ) , (2) 



where = — it )V t '. + i9 ai a^ : 8 b . is defined for convenience. 

ab i ab i 
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The generalized momenta are given by 



vr e = (3) 
Pfi = e- 1 ^ (4) 



7r a i = -%vX J h i (5) 



7T 



-ip.eV; . (6) 



and satisfy the canonical Poisson bracket relations [2j 

K,J9,} = ^ (7) 

{6 a \n b ,} = -6\6^ . (8) 

Along the conserved quantities related to Super Poincare invariance the total angular 
momentum is given by 

J L^ u -\- S^y (9) 
L^iu = X [iPu ~ X [iPv (10) 

S,u = -\(e-a, u y bl + ^a, u \6 b i ) . (11) 

For this system, there is only one first class constraint 7r e = related to the reparametriza- 
tion invariance of the action which implies the first class secondary constraint p 2 +m 2 = 0. 
There appear also the constraints, 

d ai = 7t ai + ip^j\ = (12) 
d.i = ^ + ip^ ab = (13) 

d^d h 3 } = ^p^^CJ . (14) 

which are second class since the matrix C aib J is non singular if m ^ 0. The Dirac brackets 
are given by, 

{F, G} B = {F, G} - {F , d ai } C m ) [d h j , G} - {F, d b j ) C aib . {d ai , G} (15) 
Here C a%b . is the matrix C aib . = — 7:V u o'^ ab 6\ and verifies 

Cj& kh . = 5*6 b . (16) 
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Calculating the Dirac brackets for all coordinates and momenta the result is |2j, 

{0 ai ,e bj } v = {itai,ir bj } D = {p„p u } D = (17) 
{0 a \^} D = ^± P ,a^ (18) 

{^} D = ^^"^w (19) 
{^^} D = ^ 2 P,a-eY ab (20) 

{*^} D = — ^- , (21) 

Using (|12 jl .(|lH jl and (|A.4jl the equation for the internal angular momentum S^ u (II lj) may 
be written also in the form, 

S i*> = £^p p e ai <j Xah 6 h . . (22) 

Before applying the quantization rules to the algebra above to construct the quantum 
theory of the superparticle one can first use a different approach which in particular 
identifies the Hilbert space associate to the action (J2J) . The second class constraints 
are separated in two subsets, the subset d a and its complex conjugate d a . It has been 
proposed that in such a situation, if it is too complicated to impose all the constraints 
it may be sufficient to impose only one of the two sets because then the matrix elements 
are zero. That is in general, for constraints (<f) a , (f> a ) imposing <fi a \V) = then (V\ Q = 
0. For the superparticle, this idea goes back to Casalbuoni[2j and has been applied 
extensively by LusanajT2], Frydryszak and collaborators. Although the application 
of this approach in the cases considered by these authors provides the correct answer, 
the approach fails to work in general. When the method works correctly it can be 
understood as follows. For {0 a ,0g} a set of second class constraints the measure in 

the corresponding functional integral is [det {0,0}] . In the particular case in which 
det {0 Q ,0/3} = then the above measure reduces to det {0 a ,0g} which is exactly the 
functional measure for a set of first class constraints a with a gauge fixing condition 
O US]- In the case under study it is easily seen that d a alone are a set of first class 
constraints and thus the model is equivalent to a gauge system in which only this set of 
first class constraints exists. We are then free to choose a different gauge fixing condition. 
This method was applied in reference JE] to show that the wave functions of the D — 9, 
N = 2, massive superparticle with central charges expand a KKB ultrashort multiplet 

P3|- 

The canonical coordinates necessary to develop the quantum theory are suggested by 
the discussion above. In the initial Lagrangean we change coordinates 

x ll L = x ll + iO\^J k (23) 

We can then write 

u» = ££ - 2z0 . (24) 
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The new momenta associated to the coordinates (x^,6 a ,8 a ) are 



We may also define 



pj = e- 1 ^ (25) 
<i = ~2ipyj% (26) 
7fV = • (27) 



d L ai = ttS + 2z^aV 0* (28) 
d\ l = (29) 



and we have, 



*V} = V2<^«4Pf = G**' • (30) 

The Dirac brackets are then given by 

K,^} D = {^,^} D = {^,^} D = (31) 

{xt,pZ} D = % (32) 

= -<W • (33) 

The resulting Hilbert space is the set of chiral superfields. The anti-chiral sector may be 
obtained along the same lines. 



3 The quantum algebra 

The chiral variables parameterize the physical degrees of freedom of the superparticle 
and give a solution for the classical dynamic problem, but to formulate the quantum 
theory of this system one has still to represent the Dirac algebra (|17|) - (j21j) in terms of a 
set of operators in terms of Heisenberg commutators following the rule {-, -} D — > — i [-, ■] or 
—i {•, •}. (We use [•, •] for commutators and {•, •} for anticommutators since no confusion 
can arise with the classical brackets.). The set of chiral superfields has been already 
identified as one Hilbert space where the quantization program may be pursued. As we 
discuss below this choice is not unique and when due care are given to some details in the 
algebra the space of anti-chiral and the space of superfields associated to the irreducible 
tensor multiplet may also be considered. 

The other problem that has to be faced, as was first noted by Casalbuoni, is to deal 
with the fact that the coordinates cannot represented multiplicatively because they 
do not commute. Taking this into account, our task is to find a set of operators X M , G" 
and a that satisfy the following algebra to which we will refer as the quantum algebra 
of the superparticle, 
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e a ,e A 



-1 

2P 2 



p^aa 



At the quantum level we may also define 

fl = —iP 6 d 



2P 2 

i 



^P u a uda Q b a fl . 



p2 



-iP (T M 6 a 



(35) 
(36) 
(37) 
(38) 

(39) 
(40) 



and consequently all commutators involving this quantities could be obtained from this 
relations. The operator S^ v that appears on the right hand side of equation (j3Uj) is the in- 
ternal angular momentum corresponding to the representation defined by our operators. 
That is we should have that 



j/iu _ X^pv _ j^t 1 p v _|_ gP v 



(41) 



together with Q a , Q a and P^ satisfy the super Poincare algebra. 

In the functional space of all the wave functions defined on the Salam and Strathdee 
superspace the super Poincare algebra is represented by the operators, 



IL 



J, 



fJ,V 



1 V 
-id a 



Xfj,P v 



-id M 

fin 



-ida 



Qc 



Qc 



-n* 



^^--(e^n + n^e) 

-iP^ aa Q a . 



(42) 
(43) 

(44) 

(45) 
(46) 



The operators X^, G a , and G a act multiplicatively (see (|A.14[I ) . This representation 
of the super Poincare algebra is not irreducible. Even after imposing the mass shell 
condition (P 2 + m 2 )\l/ = the resulting representation is reducible. Indeed it holds the 

following theorem. ( US! , 021, [22]) 
Theorem: 

Let \l/(a; M , 8 a , 6 a ) be a superfield that satisfies 



(P 2 + m 2 )m = 



(47) 
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then it can be written in a unique way (m 7^ 0) as 

q? = -q/ c + \& A + \£ T (48) 
^ c = p™# ty A = p™^ ^ T = p™# (49) 

where the projector operators are 

P? = — ^—D 2 D 2 P™ = — ^—D 2 D 2 FT = ^-DaD 2 D d . (50) 
A 16m 2 c 16m 2 T 8m 2 V ; 

The operators representing the super Poincare algebra commute with any of this projec- 
tors, meaning each of the subspaces bear a representation of the group which correspond 
respectively to the chiral, anti-chiral and irreducible tensor multiplets. In these subspaces 
the corresponding generators are obtained in the form PgJ^Pg and Pg-P^Pg with Pg 
the corresponding operator. 

The observation above led us to construct a representation of the quantum algebra 
of the superparticle by considering operators acting on the subspaces of the superfields 
space defined by the chiral (C), anti-chiral (A) or tensorial (T) projectors. The restricted 
operators are defined by defined by 

X£ = F G X»F G (51) 

e G = p G e a p G (52) 

6 G ee P G d P G (53) 

with Pg any one of the projectors, 

Pa = Y^T 2 D 2 D 2 , Pc = Y^T 2 D 2 D 2 , P T = ^D & D 2 D & . (54) 

Note that the projectors have been taken out of the mass shell. 

Below we show explicitly that each set of operators satisfy the quantum algebra (J341 
EHJ). In each of the subspaces the operator which we denote in generic form as S^ u at 
the right hand side of (j3Uj) results to be the projected internal angular momentum in the 
corresponding subspace. We introduce the notation, S G V = FqS^Fg for these operators. 

We begin discussing the representation acting on the chiral superfields which after 
the discussion at the final of the previous section should correspond to the quantum 
theory of the superparticle defined by the classical action (0). We present the result in 
the form of the following theorem. 
Theorem 

The set of operators defined by X^ = P C X^P C , 6£ = P c a P c and 9£ = P c d Pc satisfy 
the algebra The operator Sq U = FqS^Fq can be written as 

S% = -~ (0 c ^n c + fla^eo) = e^ x P p e a c a Xab e b c (55) 

Proof 

To compute the anticommutator {6^,0^}, substitute 6^ by PcO a Pc, 

{e a c , e^} = (p c e a p c )(p c e fe p c ) + (p c e fe p c )(p c e a p c ) (56) 
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and use the fact that P c = Pc- Then note that 

p c e a p c e b p c = p c e a [p c , & b ] p c + p c © a 6 Pc = p c © a @ b Pc (57) 

With the help of (^OHjl observe that [P c , © b ] P c = 0. Then, 

{e c ,e c } = p c (e a e b + e f 'e a )Pc = o (58) 

is also straightforward. To address the first non 



The anticommutator |@C'®c| 
zero commutator: 



{e« , e^} = p c e o p c e d p c + PcO^cQ^c • 

use again the formula ()A.23|) to prove that 

{e c , e c } = p c [Q a , p c ] e^Pc + Pee" [p c , ©1 p c 



(59) 



-1 

8P 2 



P c (-D 2 D a Q h + Q h D 2 D a ) P c 



8P 2 



P c (- [P 2 , D a ] e d + e d [P 2 , D a ] ) P c 



8P 2 



P c Uia^Dfi^ + Q h (-Ua^ ha D h d^ 



Pr 



Pr 



4? 

8P 2 



Pr 



2P 2 



c^ aa P M . 



(60) 



The next task is to compute [Xq, @ c ]. The tricks to be used are similar: 

[xg, e c ] = p c x^p c e a Pc - p c e a p c x^Pc = p c x m [Pc, ©1 Pc - Pc [© a , Pc] x m p c 

Recalling once again that [Pc, © a ] Pc = 0, 

-1 



(61) 



re ©c] 



8P 2 



P c P 2 P a XT c = ^Pc [P> 2 , P a ] X M P C 



8P 2 



8P 2 
iP 



Fca^^DiX^Fc = P c ( ^©V^ ba 



P 2 



66 



Pf 



(62) 



The next commutator is [Xq, Jf£] and is the most involved 

[X£,X£] = PcX^PcX^Pc - PcX^PcX^Pc 
= P c [X», P c ] X"P C - P c [X\ P c ] X^P C . 

Using formulas (^OTirOojl and JMU, we can write 



(63) 



rep c 
-i 



-—\X^D 2 D 2 } - — 

p2 L ' J 16 



X M — 

^ ' p2 



2n2 



p^p 



(P 2 [X>\P 2 1 + [X^,P 2 1 P 2 ) - -^i-P 2 P 2 
16P 2 8 P 2 P 2 

7 - - 2?P^ 

= - (p 2 (p^e) - (g^p)p 2 ) + — -p c . 

o r 



(64) 



With this computation the commutator is 

i 

8P2 



[*c>*c] = ^ F c (D 2 (Do^Q)X u - (Q^D)D 2 X» + (ji <- v)) P c - 



2? 

-— W C (X»P V -X V P»)V C (65) 

We recognize a term proportional to L^". To further simplify the other term note that 
F c D 2 D a = P c [D 2 } D a ] and P c 9 a D d D 2 = P c O a [D & ,D 2 ]. Using formulas (fA~T6jl and 
(IA.17j) the commutator reads 

+^^Pc (Dd x a> i Qd x X v - Qa»a x Dd x X v - (p, <- v)) P c 

re *s] = + ^ ( j r + *r ) (66) 

To disentangle this equation first write d x X^ = 5 X ^ + X^dx so that 

If = p c (Da x a^ed x X v -(//«-> i/)) P c = 
P c (Dff^e - Tr(cxV)X^ A - {^(T' i )\Q\D & K v )d x u)) P c (67) 

The first of this terms is 0, Pc-Dcx^QPc = because Tr(er M1/ ) = 0. The second is 
2P C (X^ - JW)P C = -2iLg. The last piece is 

P c (i^^e^ - (/i <- u)) P c = P c (e(a^V^ - a»a x a v )QP x )F c (68) 
Using the identity ()A.5|) Ij u/ is given by 

if = -2zLf - 2ie^ QA P c e ( r A 0Pc (69) 
The other term, is simpler 

i£" = -P c (e<^d^Dd x X v - (/i <-> i/)) P c = 

= -p c (KcxV {e ffl , a,} d x x v - (ji <- vj) p c = 

= 2P C ( W - d u X^)F c = -2iLg (70) 

Taking all pieces together 

[X*, X v c ] = + (-2iL% - 2te^ x ¥ c Qa x QF c - 2iL%) (71) 



Summing up we get, 



[X&Xc] = j£sg ■ ( 72 ) 
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In this case Sq 1 can be written in terms of the corresponding projected operators. To 
this end note that P c e d e a P c = Pc6 d Pc© a Pc- since [6 a ,P c ] Pc = 0. We have then, 

S>? = Pc^Pc = F c e^ x P p Q a a Xab Q b Fc = e^ pX P p Q a c a Xab Q b c (73) 

which satisfies Pryce's constraint P^Sq' = 
This end the proof of the theorem. 

The commutators (j60H62l72j) realize the quantum algebra of the standard massive 
superparticle and hence we have a complete solution for the quantization of this system. 
The computations with the anti-chiral projector are completely analogous and led to 
exactly the same algebra. This give an equivalent but different covariant solution to the 
quantization of the superparticle. 

We consider now the representation of the algebra using the tensorial projector. 
Theorem 

The set of operators defined by X% = P T XT T , 6 T = P T 6 a P T and 6 T = P T 6 d P T satisfy 
the algebra \3$3fy . The operator Si^ = PtS^Pt can be written as 

S» u = S!? + ^^ qA P Tj Dcx Aj DP t (74) 

with 

s%r = -i {e T a^u T + n T a^e T ) (75) 

Proof 

The computation of |0 T ,@ T } = an d |@T5©t| = are again straightforward. Con- 
sider, 

(e T , e T } = p T e a p T e d p T + p T e d p T e a p T . (76) 

Taking advantage of (TA~22j) and Z) 2 P T = P T £> 2 = 0, 

{e T , e T } = p T [e a , p T ] e d p T + Pt©" [p t , ©1 p t = 

^P T (- {D a , D 2 }Q d + 0" {D 2 , D a })F T = 

' P T (- [D a , D 2 ] Q h + e d [D 2 , D a ] )P T . (77) 



8P 2 

Recalling again ()A.16|) . 



{ t, ©t} = ^F5^ P t (D b & + e*D h ) P T <9, = P T ^—^^J P T (78) 
Next compute, 

[x%, e T ] = p T x^p T e a p T - p T e a p T x^p T = p t a^ [p t , e a ] p t - p t [e°, p t ] a^p t = 

^P T (X» [D 2 , D a ] + [D a , D 2 ] X") P T = 
g ^P T (-X»Aia vba D b d v + m vha D h d u X^ P T = 



a uba , , - _ / i 



2iP 2 v b b ' \2P 2 bb 



F T {X»D b - D b X»)F T d u = P T I ^Q b ^ h} p uba ) P T P, • (79) 
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Finally consider, 



X%\ = FtX^FtX^t - P t X v P t X m Pt = Pt [X 11 , P T ] A^P T - P T [X v , P T ] X M P T 



BO) 



Taking into account the previous computation 

P T [X", P T ] = -P T [X", P c ] - P T Pa] 



-1 



16P 2 



P T (P 2 [P 2 , X m ] + [P 2 , X m ] D 2 + D 2 [D 2 ,X»] + [P 2 , X m ] P 2 



1 



16P 2 



P T ( [P 2 , A^] D 2 + [P 2 , X»] P 5 



Introducing this value in the commutator and using (jA.20j) and (jA.21l) 



2i 



16P 2 



F T (Da^QD 2 - &a^DD 2 )X u F T - (fi v 



8P : 



;F T (Da»& [D 2 ,X U ] - Qa^D [D 2 ,X U ])F T - (ji <-> 
F T (Dcri*QQcr v D + Q(j^DD(T u G)F T - (// <-»• i/) 



4 p2 



(82) 



The last two terms in (j^J can be written as 

1 



4P2 



P T ([Da"Q, Qa v D] -(//<-> i/)) P T 



The commutator here is given by 



LIU, I ^ 

° <*? bu (D 



(//<->!/)= (7^. (7 



+ 



66 

pa e b p b 



D a e d ,e b D b 



(H <-> i/) 



(7 



a" . ( -p a e b |e d , pH + {p a , e 6 } p^e" - e b jp a , pH e d ) - «-> 



(7^.(7^. (-p a e b e ab + e ab p b e a - 2P Q a Qba e"e a ) - (// */) 

The first term is 



54) 



a» ad a\ b (-D a Q b e Ab ) - {n <- v) = -e hb a\ h a\ u e™D c Q b -{ji~u) 



aa bb 



-a^ b c D c Q b = Qa^D 



15) 



using that the matrix a^ u is traceless. A similar computation for the second term in 
equation (J84|) yields the result —Da^Q. With the aid of (jA.5|) the third and last term 
sum up to, 



(86) 
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and taking all the terms together , 

[X%, X T ] = ^P T (Qa^D - Da^Q + 4iP a e ua ^ x Qa x Q) P T (87) 

Using the explicit form of D a and D h shown in the appendix and formula (jA.4|) . 

1 



(Qa^D - Da^Q + AiP a e ua ^ x Qa x Q) 



4 p2 

(Qa^U + Tla^Q) + (-P Q Q {a^a a + a a a^) + 4iP a e^ x Qcx x Q) 



4P2 V / 4 p2 

a qiiv p a q^u 

-JtT + 4^(- 4i ^ + 4^ A )ea A = . (88) 

Finally, 

= (89) 

with S% u = Pt5" mi/ Pt. Note that this is not equal to (fTHJ) and therefore this set of opera- 
tors do not correspond to the quantization of (J2J). The operator is not written solely 
in terms of the T operators. There is an extra term that accounts for the internal super 
spin. We complete this observation with the following lemma. 
Lemma 

= + -^e^ aX F T Da x DF T (90) 

Note also that in the chiral (or anti-chiral) case, 

P a e^ aX ¥ c Da x DF c = (91) 

Proof 

To start insert / = Pt + Pc + Pa in the formula for S^ v 

S%r = ^P T (9(7^ (P T + Pc + Pa)II + n^(P T + P c + Pa)©) Pt = 

= $t + ^ p T (©(T^(P C + Pa)II + n^(P c + P A )0) P T (92) 
Note that due to ()A.23j) the terms with Pc disappear. Then with the aid of, 



AS!? = S!? - S!? = -^P T ([© a , Pa] n 6 a^ a 6 + a" u& h U & 



Pa,©' 



Pn 



"' Pr }P T [D(a" u a a + a a a^)D] P T 



16P 2 

= ^e^ aX F T Da x DF T (93) 
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This last formula completes the proof of the lemma and the theorem. 
The subspaces defined by the chiral and the tensor projectors bear irreducible representa- 
tions of AT = 1 super Poincare with superspin and 1/2 respectively. As final observation 
before closing this section let us compute the relevant Casimir operator for each of the 
representations we have obtained. We first define the analog of the Pauli-Lubanski four 
vector 

W, = \e^P v J^ + Iqct.Q (94) 

where P M , J^, Q a and Qa are the projected operators. This definition is taken from 
Salam and Strathdee pQ or Sokatchev |24j . As we shall show below it is transverse in the 
spaces defined by the chiral and the tensor projectors, although it is not transverse in 
the general setting (readers may wish to compare this definition with that of jTHj which 
is transverse from the beginning). With this four vector we construct a Casimir: 

W = W^W (95) 

In a given irreducible representation W is equal to —P 2 Y(Y + 1) with Y is the super 
spin of the representation. For the chiral (and the anti-chiral of course) it is not difficult 
to show that 

K = ( 96 ) 
Which implies naturally that Wc = as we might expect. 

For the quantum algebra defined by means of the tensorial projector, the non zero term 
came from the new term in the expression for the internal angular momentum 



= -^FtD^DFt - ^P T (97) 



P T (^(Da^iD^D) + ±P lt D<T»D\ P T (9? 



Now use flA.7|) and Okubo's formula (jA.26|) to finally obtain, 



W T = -P 2 - + (99) 



2 V2 



4 The superspin 1/2 superparticle 

In the previous section we show that the quantum algebra of the superspace may be 
realized by projecting the observables on the three supersymmetric sectors of the Hilbert 
space of superfields. The chiral and anti-chiral realizations correspond to the usual D = 4 
massive superparticle as we demonstrate in section |21 using the corresponding chiral or 
anti-chiral variables. We have learned that there are three kinds of superparticles in the 
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Salam-Strathdee superspace. It is natural to ask which is the classical action which upon 
quantization give rise to the superspin 1/2 superparticle. This action is given by 



S = - I \ e-^u. - em 2 + £(6 2 + 6 2 ) \ dr (100) 



The field £(t) is a new variable that enters in the action besides the coordinates (x^, 8 a , 6 a ). 
This system has no second class constraints. The condition tt£ = is a first class con- 
straint. Preservation of this constraint implies 

6 2 + 6 2 = . (101) 

We also have, 

^a + ?// + ^ = , (102) 

and defining 

d a = vr a + tp^ ab e h = s ab £9 b , (103) 

we end up for i ^ with the following first class constraints 

n e = (104) 
p 2 + m 2 = (105) 
d 2 + d 2 = . (106) 

The quantum mechanics of this system is now straightforward. Imposing the constraints 
on a superfield ^/(x^, 9 a , 9 a ) we have 

(P 2 + m 2 )^(x^,r,r) = (107) 
(D 2 + D 2 )^(x»,6\e il ) = (108) 

which after simple algebraic manipulations led to 

(P 2 + m 2 )$ = (109) 
D 2 y=D 2 ^ = (110) 

In turn this equations are equivalent to 

(P 2 + m 2 )^ = P T ^ = * (111) 

To prove this last statements observe that if (|107|) and (|108|) hold then D 2 D 2 ^> = and 
D 2 D 2 m = which imply that {P> 2 ,P> 2 } ^ = 0. With the identity (TP9|) we now see 
that (fTTTJl holds which clearly imply that P 2 \I> = P> 2 \I> = 0. 

This establishes that the wave functions for this system are superfields restricted by 
the tensorial projector. We note that in our formulation the Weyl spinors satisfy a Klein 
Gordon field equation. This is equivalent to a Dirac equation for the uniquely associated 
Dirac spinor. 
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Since this is a gauge system we need not to realize the complete algebra of the 
observables to extract the physical content. Nevertheless we observe that it should exist 
a covariant gauge fixing condition for which the algebra of eqs. (I78|) . (|79j) and (|89|) for 
the quantum phase space variables is realized. 

Some comments are in order. Action (jlOOj) with I proportional to the inverse of the 
einbein e(r) was first proposed by Volkov and Pashnev in [20] and was also considered 
in [3] . The resulting spectrum of physical states consists of the chiral , anti-chiral 
and irreducible tensor multiplets with related masses. Upon quantization the Volkov- 
Pashnev system leads to unitarity problems. This can be understood in the following 
way. If we keep I fixed then there is only one first class constraint and the space of 
states is the whole space of wave functions. We can prove that in this space there is no 
super symmetric positive definite inner product. It is necessary (in order to have a real 
representation of supersymmetry) that 

{Qa) ] = Qa ( J^) f = (112) 

This implies that 

( 6 .)t = & (n a )t = n d (ii3) 

which in turn implies 

(D a y = -D a (114) 

Now consider a chiral superfield ^(x^, 8 a , 8 a ) and let us assume that there is a scalar 
product such that fif, \&) = 1. We built the wave function D a ty. It is easily seen with the 
use of IA.29l that this wave function is in the space restricted by the tensorial projector. 
It satisfies, 

(D a *, D a V) = -(vl/, D & D a V) = -2aV (tf, P^) < (115) 

The last inequality follows from supersymmetry 

< (Q a % Q a V) = 2^(*, P^) (116) 

This is also the conclusion obtained by Volkov and Pashnev. The problem will always 
appear if one retains the whole space of superfields. In distinction, for our system £(r) 
acts as an independent lagrange multiplier and we are restricted to the sector of the 
superfields space associated to the irreducible tensor multiplet which is a Hilbert space. 
In this case \1/ and Q a ^ cannot be simultaneously in the chosen Hilbert space. To sum 
up, it is possible to have a Hilbert space structure on the spaces projected by the chiral, 
anti-chiral or tensorial projectors but not in the whole space of superfields. For a related 
discussion see |2T] . 

5 Projectors and second class constraints 

In this section we put in a general setup our experience with the quantum algebra of the 
superparticle. Geometrically second class constraints restrict the symplectic manifold of 
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the phase space to a symplectic submanifold and first class constraints further reduce 
it to a foliated Poisson manifold. When second class constraints are present, Dirac 
algorithm has to be handle with care. In the transition to quantum theory it may 
appear ordering problems and locality problems related with the inverse of the matrix 
of the constraints as an operator. At the classical level Darboux theorem assures that 
there exists a set of canonical coordinates but even if this set of coordinates is obtained it 
should be considered that the quantization may be not straightforward. It is useful and 
interesting to represent directly the Dirac algebra without dwelling in a specific choice 
of independent coordinates. 

Let us consider the general case of a classical system with coordinates and momenta 
(q l ,Pj) subject to second class constraints 4> a (<l l ,Pj) satisfying the algebra 

with the Dirac brackets given by 

{F,G} D = {F,G}-{F,<p a }C af, {<p fl ,Gf} . (118) 

First we note that since second class constraints reduce the phase space in quantum 
mechanics this should mean that the physical Hilbert space is a subspace of the whole 
Hilbert space 7i. Any such subspace is characterized by a projection operator P with 
the physical Hilbert subspace given by WH. The operators acting on the physical space 
are those projected from the whole Hilbert space 7i. 

What we observe is that there should exist a projection operator P G such that the 
quantum algebra is represented on the Hilbert subspace G in a generalized Schrodinger 
picture by 

Qg - BWP G (119) 
Pa -> PgH^)P g (120) 

As we saw in the case of the superparticle this proposal provides us with an elegant 
solution to the representation of the superparticle algebra. 

6 Conclusions and outlook 

In this paper we have presented the quantization of the massive superparticle from new 
points of view which reveal some aspects of the structure of the superspace previously 
unnoted. We have presented the canonical reduction of the classical action (J2J) to its 
physical degrees of freedom. This procedure identifies in the most direct way the wave 
functions of this system as the chiral superfields. We then have constructed an explicit 
representation of the quantum observables of the system acting on the space of chiral 
superfields. This have been achieved by considering the projection of the operators 
acting on arbitrary superfields on the set of chiral superfields. This procedure unravel 
also the possibility of having a different but related quantum algebra realized on the space 
of superfields associated to the irreducible tensor multiplet. To complete the physical 
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picture we display a new classical action whose wave functions are shown to be precisely 
these superfields. 

Let us turn now to possible generalizations of our results to other superparticle mod- 
els. Increasing iV in D = 4 does not represent a major complication for our method. 
For every iV there exist projection operators [221- These could be used to construct the 
quantum algebra which should then be compared with the one arising from the quanti- 
zation of higher N superparticles. More complicated appears to be the generalization to 
higher dimensions where adequate projectors should be constructed. 

In 1946 Snyder noted that by introducing a fundamental length (call it a) in 
physics the commutator of two space-time operators might not vanish. He indeed pro- 
posed the formula 



This should be compared with Pryce [2Z| , formula ()39|) valid for systems with internal 
angular momentum. Snyder's idea is now a cornerstone of noncommutative geometry, 
the implications of which appears to be very important. 

There is now a great deal of models with noncommutative coordinates that are ob- 
tained from different routes. As we have seen non-commutativity of coordinates is not 
linked to a breaking of the Lorentz invariance. In this paper we have concentrated 
ourselves in the problem of finding a correct set of quantum operators that satisfy 
Casalbuoni-Pryce relations for the superparticle (|34H39j) . But the procedure used is 
not restricted to this system. We show that non-commuting operators arise naturally 
when a set of commuting operators are projected onto a subspace. 
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A Appendix 

In this final section we collect some formulas and conventions that are necessary in order 
to follow the calculations. Most conventions are taken from Wess and Bagger but not 
all. 

We set a = a = I and the rest are like Wess and Bagger [2E|- We always rise and 
lower indices with the second index (for example D a = e ab Db). We select £12 = —1. An 
important identity is 



fay] 




z 



(121) 




A da u 





(A.l) 



ab 



bb 



a bb 



We define 



cr 



4iv b _ Li ffVab 
a u ad u 




(A.2) 



cr 




a' 



v ab fi 



bb 



(A.3) 
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From where we deduce 



/V" + a a a^ = -Aie^ax (A.4) 

li ii —Xdau 

ah' ba° ah 

Another two important identities 



v — Ada it ii —\aav ^t^^vXua^. /a r\ 

<* ba° <r, - a\ d a a , = -2%e " <r a6i (A.5) 



07?0A = -VfiX + ( A - 6 ) 
^aa-hb = _ 2 e ab e hb (A.7) 

Covariant derivatives are given by 

P M = (A.8) 

n a = -z<9 Q n a = (A.9) 
p a = 9 a + iV^e^ = m a - py a fi b (A. 10) 

D b = -d b - ie a a» aj d» = -ilL b + P M OV^ (A.ll) 
The supersymmetry charges 

Q a = n a -iP^ a& e° (A. 12) 

Qa = -5, + zPXad© a • (A- 13) 

Note that we always use a lower case letter for a classical observable and a capital letter 
for a quantum operator. In all cases an operator without any additional label behaves 
like in the Schrodinger representation. For example 

X^m = O a ty = 9 a m (A. 14) 

P^ = -id^ n a V = -id a y (A.15) 

Projected operators are often indicated with a label (A, C or T). The momentum oper- 
ator is an exception for this rule since we never write P^ for Pc-P^Pc- We think that 
this small abuse of notation cause no confusion. 
Some useful commutators and anticommutators are 



[D 2 ,D a ]= -Aia^ ba D b d, L (A.16) 

[D & , D 2 ] = -Afa^Dadp (A.17) 

[D 2 , D 2 ] = SiDa^Dd^ - lQd 2 (A.18) 

{D 2 ,D 2 } = lQd 2 + 2DaD 2 D d (A.19) 

[D 2 ,X^] =2iD a cx' 1 ad Q (A.20) 

[D 2 ,X"] = -2ie a a^D" (A.21) 



18 



From theses we may deduce 



[W T ,e a } = ^{D a ,D 2 } (A.22) 

[ p c, ©1 = ^D 2 D a [P c , 9 d ] = ^^^ 2 (A.23) 

Pa, ©1 = ^2 DaD2 [ P a, 9 d ] = ^D 2 D« (A.24) 

[D 2 , n 6 ] = 2iP a a a bi) D h [P 2 , SJ = ^P^P 6 (A.25) 



An important formula which can be found in 

P T (Da^D) P T P M = -2P 2 P T (A.26) 
Note that = [X», 1] = [A> P 2 /P 2 } implies 



' p2 



(P 2 ) 2 

The covariant derivatives act as interwinding operators 



2? 

" P v (A.27) 



¥ A D b = D b ¥ T PtP, = P,P A (A.28) 
P T P a = P a P c PdPx = Pc^d (A.29) 
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